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PHILIPPE CALDERO AND BERNHARD KELLER 

Abstract. In the acyclic case, we establish a one-to-one correspondence between the 
tilting objects of the cluster category and the clusters of the associated cluster algebra. 
This correspondence enables us to solve conjectures on cluster algebras. We prove a 
multiplicativity theorem, a denominator theorem, and some conjectures on properties of 
the mutation graph. As in the previous article, the proofs rely on the Calabi-Yau property 
of the cluster category. 



1. Introduction 

Cluster algebras are commutative algebras, introduced in by S. Fomin and A. Zelevin- 
sky. Originally, they were constructed to obtain a better understanding of the positivity 
and multiplicativity properties of Lusztig's dual (semi) canonical basis of the algebra of co- 
ordinate functions on homogeneous spaces. Cluster algebras are generated by the so-called 
cluster variables gathered into sets of fixed cardinality called clusters. In the framework 
of the present paper, the cluster variables are obtained by a recursive process from an 
antisymmetric square matrix B. 

Denote by Q the quiver associated to the matrix B. Assume that Q is connected. 
A theorem of Fomin and Zelevinsky asserts that the number of cluster variables of the 
corresponding cluster algebra Aq is finite if and only if Q is mutation-equivalent to a 
quiver whose underlying graph is a simply laced Dynkin diagram. In this case, it is known 
that the combinatorics of the clusters are governed by the generalized associahedron. 

Let Q be any finite quiver without oriented cycles and let k be an algebraically closed 
field. The cluster category C = Cq was introduced in [S] for type A n and in [£j in the 
general case. This construction was motivated by the combinatorial similarities of Cq 
with the cluster algebra Aq. The cluster category is the category of orbits under an 
autoequivalence of the bounded derived category V b of the category of finite dimensional 
kQ- modules. By ^H]) the category Cq is a triangulated category. Let us denote its shift 
functor by S and write Ext}.(M,N) for Hom c (M,SN) for any objects M, N of C. By 
construction, the cluster category is Calabi-Yau of CY-dimension 2; in other terms, the 
functor Ext 1 is symmetric in the following sense: 

Ext£(Af, N) ~ D Extl(N, M). 

In a series of articles jS], 0, |H> the authors study the tilting theory of the cluster 
category. More precisely, they describe the combinatorics of the cluster tilting objects of 
the category C, i.e. the objects without self-extensions and with a maximal number of non- 
isomorphic indecomposable summands. In [1], the authors define a map f3 between the 
set of clusters of Aq and the set of tilting objects of the category Cq. A natural question 
arises: does (3 provide a one-to-one correspondence between both sets? 

In the articles [7j and ^j, it is proved that in the finite case, i.e. the Dynkin case, the 
cluster algebra can be recovered from the corresponding cluster category as the so-called 
exceptional Hall algebra of the cluster category. More precisely, in |7j, the authors give 
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an explicit correspondence M \— > Xm between indecomposable objects of Cq and cluster 
variables of Aq. In 10 . we provide a multiplication rule for the algebra Aq in terms of 
the triangulated category Cq. 

An ingenious application of the methods of |1U| can be found in |14j . where the authors 
give a multiplication formula for elements of Lusztig's dual semicanonical basis. Here, 
the cluster category is replaced by the category of finite-dimensional modules over the 
preprojective algebra and the role of the cluster algebra is played by the coordinate algebra 
of the maximal unipotent subgroup in the corresponding semisimple algebraic group. 

The aim of the present article is to generalize some of the results of [Jj, to the case 
where Q is any finite quiver without oriented cycles. Building on the important results 
obtained in [3] we strengthen here the connections between the cluster category and the 
cluster algebra by giving an explicit expression for the correspondence (3 and proving that 
j3 is one-to-one. The key ingredient of the proof is a natural analogue of the map M *— > Xm 
of 0. With the help of a multiplicativity result, we show that M ^ Xm defines a bijection 
between the indecomposable objects without self-extensions of Cq and the cluster variables 
of Aq. 

This correspondence between cluster algebras and cluster categories gives positive an- 
swers to some of the conjectures which S. Fomin and A. Zelevinsky formulated in JHj- We 
prove connectedness properties of some mutation graphs, cf. section ED As a byproduct, 
we obtain a cluster-categorical interpretation of the passage to a submatrix of the exchange 
matrix. This strengthens a key result of [I] and may be of independent interest. 

Another consequence of the bijectivity of (3 is that each seed is determined by its cluster. 
As we have learned recently, this result is obtained independently in [3]. 

The paper is organized as follows: In the first part, we recall well-known facts on the 
cluster category. For any object M of the cluster category, we define the Laurent polynomial 
Xm as in [7j. With the techniques of ^U], we prove an 'exchange relation' for the Xm- 
To be more precise, we prove that if M and N are indecomposable objects of the category 
C = C Q such that Ext^(M, N) = k, then 

XmXn = Xb + X B i , 

where B and B' are the unique objects (up to isomorphism) such that there exist non split 
triangles 

N -> B -> M -> SN, M -> B' -> N -> SM. 
This formula is an analogue of the 'exchange relation' between cluster variables. With the 
help of a comparison theorem of [I], we prove by induction that for any indecomposable 
exceptional object M, Xm is a cluster variable and that its (monomial) denominator is 
given by the dimension vector dim (M). From this denominator property, we deduce that 
the map M i— ► Xm is injective when restricted to the set of indecomposable objects of Cq 
without self-extensions. The connectedness of the tilting graph proved in jlj then implies 
that the map M i— ► Xm is a one-to-one correspondence between the set of tilting objects 
of Cq and the set of clusters of Aq ■ 

We then deduce some applications of this correspondence to conjectures of [T3] . 

Acknowledgements: The first author is indebted to Thomas Briistle and Ralf Schiffler 
for useful conversations. He also wishes to thank Andrei Zelevinsky for his kind hospitality 
and for pointing out to him the conjectures of jl.Sj . The authors thank Andrew Hubery 
for pointing out a gap in a previous version of this article. 
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2. The cluster category and the cluster variable formula 

2.1. Let H be a finite dimensional hereditary algebra over an algebraically closed field 
k. We denote by H -mod the category of finitely generated //-modules. We choose repre- 
sentatives Si, 1 < i < n, of the isoclasses of the simple //-modules and denote by /j the 
injective hull and by Pi the projective cover of Si. 

The Grothendieck group of //-mod is the group Go(//-mod) generated by the isoclasses 
of modules in //-mod and subject to the relations X = M + A obtained from exact 
sequences 0— >M— >X— >A— >0in //-mod. We denote by [M] the class of a module M 
in Go(//-mod). We put a« = [Si]. The Grothendieck group is free abelian on the on. The 
dimension vector dim (M) of a module M is by definition the vector of the coordinates of 
[M] in this basis. 

We define the Euler form by < M, A >= dim Hom(M, A) — dim Ext 1 (M, N), for any M, 
N in //-mod. Since H is hereditary, this form is well-defined on the Grothendieck group. 

Let t be the Auslander-Reiten functor of //-mod. This functor verifies the Auslander- 
Reiten formula: 

D Hom(iV, tM) = Ext 1 (M, iV), 
where D is the functor Homfc(?,&;). 

2.2. For any //-module M, and any e in Go(//-mod), we denote by Gr e (M) the Grass- 
mannian of submodules of M with dimension vector e: 

Gr e (M) = {A, A € //-mod, A C M, dim (A) = e}. 

It is a closed subvariety of the classical Grassmannian of the vector space M . Let Xc be 
the Euler-Poincare characteristic of the etale cohomology with proper support defined by 

oo 

Xc(X)=J2(-lf&mHi(X,®i)- 

i=0 

Let Qfx^ 1 , 1 < i < n] be the Q-algebra of Laurent polynomials in the variables Xj. As 
in |3, for any module M, we set 

X M = ^ Xc (Gr e (M))n^ <e ' Ql> " <Ql * m " e> e Q^f.l < i < 

e i 

where m := dim (M). Note that, as M is finite dimensional, there only exists a finite 
number of non zero terms in this sum. Remark that Xm only depends on the isoclass of 
the module M. As in [7] one shows that 

Xc (Gr 9 (M0A))= X c (Gr e (M)) Xc (G r/ (A)). 
e+f=g 

Hence, the bilinearity of the Euler form implies that 

Xm®n = XmXn. 

2.3. As H is hereditary and finite dimensional, there exists a finite quiver Q without 
oriented cycles such that H is Morita equivalent to the path algebra kQ of Q. Let Qo be 
the set of vertices and Q\ the set arrows of Q. Let n be the number of vertices of Q. 

The bounded derived category T> = T> b (H) of //-mod is a triangulated category. We 
denote its shift functor M i— ► M[l] by S. The category T> b is a Krull-Schmidt category 
and, up to canonical triangle equivalence, it only depends on the underlying graph of Q, 
see ^Hl- We identify the category //-mod with the full subcategory of V> b formed by the 
complexes whose homology is concentrated in degree 0. We simply call 'modules' the 
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objects in this subcategory. The indecomposable objects of T> b are the shifts S l M, i G Z, 
of the indecomposable objects of H -mod. We still denote by r the AR-functor of V b ; it is 
known that t is an autoequivalence characterized by the Auslander-Reiten formula. 
Let F be the autoequivalence r _1 S of T> b . The AR-formula implies that 

Ext^(M, N) = Hom^M, SN) = D Ext^ (FN, M), 

for any objects M, N of T> b . Let C = C(H) be the orbit category V b /F: the objects of C 
are the objects of T> b and the morphisms of C are given by 

Hom c (M, N) = ® i& Hom vb (M, F i N). 

The category C is the so-called cluster category, introduced and studied in depth in [£]. 
Let 7r be the canonical functor from T> b to C. We will often omit the functor ix from the 
notations. Statements (i) and (ii) of the following theorem were proved in JH]) statements 
(hi) and (iv) in [£]: 

Theorem 1. (i) The category C is triangulated and 

(ii) the functor tt : T> — > C is a triangle functor. 

(iii) The category C is a Krull- Schmidt category and 

(iv) For any indecomposable object without self- extensions M of C, we have Endc(M) = 
k. 

The shift functor of the triangulated category C will still be denoted by S. For any 
objects M, N of C, the formulas above imply that there exists an (almost canonical) 
duality 

<j> : Extl(M,N) x Extl(N,M) -> k. 
The set of indecomposable objects of C is given by 

Ind(C) = \nd(H -mod) JJ{S Pi, l<i<n}. 

Note that SPi = S^r^SPi = S' 1 ^. 

We extend the definition of Xm to any object M of the category C by setting X$p t = Xi, 
1 < i < n, and requiring Xm®n = XmXn for all objects M, N of C. 

The AR-formula and the fact that r passes to the Grothendieck group of the derived 
category of .ff -mod allow us to rewrite Xm for a module M as 

(2.1) X M = Xc(Gr e (M)) ^-^M+e ? 

e 

where we have set 

n 

v TT < dim Sj,v> 
X =ll X i 

1=1 

for any v in Z n . Remark that this notation gives 

X SPi =x^. 

2.4. Each object M of C can be uniquely decomposed in the following way: 

M = M Q © SP M = Mo © S" 1 ^/, 

where Mo is the image under tt of a module in P b , and where Pm, respectively Im, is a 
uniquely determined projective, respectively injective, module. We will say that an object 
M of C is a module if M = Mo, and that M is the shift of a projective module if M = SPm- 
From 0, we recall the 
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Proposition 1. For any indecomposable modules M and N in C, we have 
Ext c (M, N) = Ext^(M, N) © D Ext^(JV, M). 
The module Mq can be recovered using the functor 

H° = Uom c (H H , ?) : C if-mod . 

Indeed, we have 

#°(M) = H (M )®H°(SPm) = Ho mH _ mod (H H ,M ) © Hom c (©iPi,5P M ) = M , 

as the last factor is zero. The functor H° is a homological functor, i.e. it maps triangles 
in C to long exact sequences of ff-modules. 

3. A MULTIPLICATION FORMULA 

3.1. The aim of the section is to prove the following theorem: 

Theorem 2. Let M and N be indecomposable objects of the category C such that Ext c (M, N) 
is one- dimensional. Then we have 

XmXn = Xb + Xb' , 

where B and B' are the unique objects (up to isomorphism) such that there exist non split 
triangles 

N -> B -> M -> SN, M -> B' -> -> 5M. 

Note that when H is the path algebra of a Dynkin quiver, the theorem is a particular 
case of the cluster multiplication formula of [10 j . Actually, we will see that the method of 
|10| generalizes nicely to the framework of the theorem. 

Thanks to the hypotheses of the theorem and the symmetry of Ext 1 , we just need to 
consider the two following cases 

1. N = SPi for an i € Qq and M is an indecomposable module. 

2. M and N are indecomposable modules. 

Indeed, the isomorphisms M = SPj and = SPi would imply 

Ext£(M, N) = Extl(Pj,Pi) = 0. 

3.2. We now prove the theorem in the first case. Suppose A^ = SPi, and let M be an 
indecomposable module such that Ext^(5Pj, M ) = k. Using theorem^arid the AR-formula, 
we obtain 

dim (M)i = dim Horn (P, M) = dim Home (Pi, M) = dim Ext c (SPi, M) = 1. 

Hence, up to a multiplicative scalar, there exists a unique non zero morphism Q : M — > Jj 
and a non zero morphism £' : Pj — ► M. 

Lemma 1. Lei M' 6e a submodule of M. Then either M' C ker^ or im £' C M'. 

Proof. By the formula above, the space M[ is of dimension or 1. We claim that 

1. dim(M') = if and only if M' C ker \, 

2. dim(M') = 1 if and only if im Cj C M' . 

The lemma follows from the claim. Let's prove part 1. The second part is similar and 
left to the reader. The module im £ is non zero and so it contains the simple socle Si of 
Jj. Hence, dim(ker£)j = 0, which gives the 'if part. Conversely, if dim(M')j = 0, then 
C(M') n Si = 0, hence C(Af') = as Si is the socle of U. □ 
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Applying the functor H° the non split triangle 

(3.1) SPi B M — ^ S 2 Pi = h 
we obtain a long exact sequences of ^-modules 

°£ M h H°tB »- H°tM , 

Now, H°tB = tH°B © Is, and the first factor is non injective. As the quotient of an 
injective module is still injective, we have im(i/ 1 t) C Ib- Moreover, as H°tM is non 
injective, we have Ib C ker(i? 1 7r). Hence, we have equality and so the following exact 
sequence holds 

(3.2) > H°B " M >■ Ji *■ I B »- . 

Note that the morphism H a Q = £ is non zero. 

In the same way, applying the functor H°, the non split triangle 

(3.3) Pi^M^B'^SP u 
we obtain 

H°C' mO^i 

(3.4) P B > Pi — ■*■ M — H°B' . 

Note that the morphism H a Q' = (f is non zero. 

Now, the lemma implies that for any submodule M' of M, M' is a either submodule 
of \vr\H°ir or contains keri7°7r'. Hence, there is a natural bijection between Gr e M and 
Gr e (H B)\J^e-k(H B'), where 

(3.5) k := dim ker H° V = dim Pj — dim Pri. 
We want to prove the multiplication formula, which in this case is 

" dim/l ^Xc(Gr e M)x T(e) -^ M+e = 



x- 



B'+e 



x dim/ s Xc (Gr e H°B)x T ^~~— H ° B+e + x^ 1 * ^ Xc(Gr e H°B')x T ^-^ H ° 

e e 

So, it remains to prove that 

dim h + r(e) - dimM + e = dimis + r(e) - d\mH°B + e, 

and 

dim J,; + r(e) — dim M + e = dim In> + r(e — k) — dim H°B' + e — k. 
The first formula is a direct consequence of 13.21 The second one comes from 13.41 13.51 and 
the formula r ( dim Pj) = — dim lj. 

3.3. This subsection and the following one are devoted to the proof of the theorem in the 
second case. In order to simplify notations, we will write (X,Y) for Homc(A, Y). 

Let M and N be two indecomposable modules such that Ext^(N, M) = k. By proposition 
^ we can suppose that Ext#(iV, M) = k and Ext#(M, N) = 0. In this case, by theorem^ 
there exists (up to isomorphism) a unique non split short exact sequence of -ff-modules 



and two triangles in C 



*- M B + N »- , 



M — ^ B + -?->■ N SM 
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N — B_ M ■ 



SN 



Note that B + is a 'module' of C but B^ is just an object; they both are uniquely determined 
up to isomorphism. We want to prove the formula 

Xb + + Xb^ = XmXn, 

and the idea is first to construct a morphism ^ between Gr B + \\ Gr H°B- and Gr MxGr N. 
For any submodule B' + of B + , set = (i~ 1 B' + ,pB' + ), and for any submodule B'_ 

of B_, set ^(B'_) = ((H°p')B'_, (H ^)- 1 B'_). As a first step, we want to prove the 
proposition 

Proposition 2. The variety GrMxGr N is the disjoint union of ^(Gr B + ) and ^(Gr H°B ). 

Moreover, the fibers of ^ are affine spaces. 

This proposition will be proved at the end of this subsection. 

Given a submodule M' of M, a submodule N' of N, and the corresponding embeddings 
iu and ijy, we have a diagram 



and two complexes 



{S-'M, N') {S-'M, N) © (5~ 1 M / , A/"') — (S^M', N) 



5 _1 M ■ 



TV 



TV' 



StM 

SM' 



(N',SM) 



(TV, SM) © (JV', SM') 



where 
a' = 



(TV, SM') 



(1N>)* 

{s-H Ml y 



, = [(S-Hm,)*,-^)*] , a = [(i N ,).,(Si M >y] , P 



(si M >y 

— (lN')* 



The two sequences are dual to each other via the canonical duality <j). 

The following proposition is straightforward by using basic properties of triangulated 
categories. 

Proposition 3. The following conditions are equivalent: 

(i) There exists a submodule B' + C B + such that the diagram 

- M " B + ^ N >■ 



>■ M' 



B> 



N' ^0. 



commutes. 

(ii) There exists a morphism n : N' — > SM' such that the square 

e 



N — -+SM 



i N 



SlM 



N' > SM' 



commutes. 
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(iii) The composed morphism 

ker a ^ (N 1 , SM 1 ) (N, SM) -> (N, SM) 

is non zero. 

(iv) The composed morphism 

coke/ <- (S , - 1 M',iV / ) (S^M^N) (S^AfjJV) 
is non zero. 

The following proposition sheds light on the situation when the conditions of proposition 
El do not hold. 

Proposition 4. The following conditions are equivalent: 

(i) The composition 

coke/ «- (S^M^N") (5 _1 M,5iV) (S _1 M,iV) 

vanishes, i.e. (S M, iV) is contained in the image of a'. 

(ii) There exist a submodule B'_ H°B^ and a commutative diagram 

H°i' H°p' 



N' 



B'_ 



M' ^0 





where M' := H°p'(B'_) and N' = (H°i')- l (B'_). 
Proof. Let us show that (i) implies (ii). By the assumption, we can find a commutative 



square 



S~ l M 



S-H M 




We complete it to a morphism between triangles: 



S~ l M' 
We take the homology: 

rO/e-l 




fl°(5 -1 M) 



H°(e') 



H°i> n H°p' 




N' ®M' 



M' 







We take as the image of N' ®M ! -» Let us show that iV' C JV is H Q {i')~ l (B'_). 

Indeed, clearly the image of iV is contained in B'_. Conversely, if we have x € N whose 
image lies in B'_, then the image is the image of (a/, y') in N'(BM', and the image of x G N 
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under N — > H°B- — > M vanishes. So, the image of y' in M vanishes. But M' — > M is 
mono. So y' vanishes and we get a/ in iV' such that i in JV and x' have the same image in 
H°B_. Then x = x' + (tf°(e')0) for some z in S~ l M. But #°e' = {H°i N ) o (# /)- So 
(H°e')(z) lies in fact in iV' C AT and cc lies in N'. 

Let us show that M' is the image of B'_. Clearly, the image of B'_ is contained in M'. 
Conversely, if x' € M', we consider the image y in B'_ of (0, x') € N' (B M'. Then clearly, 
the image of y is x'. 

Let us prove that (ii) implies (i). The hypothesis yields the following diagram 



H°(S^M) 



H°(e') 



N 



N 1 



H°p' 



B> 



H°(Ss') _ 
M — ! — »- H°(SN) 



M' — r-*- H°(SN'). 





As the composition H°(S~ 1 M) -> AT -> H°B^ vanishes, the image of H°(S~ 1 M) is 
contained in AT', which is the inverse image of B'_. 

As the composition H°(B-) — > M — ► H°(SN) vanishes, M' is contained in the kernel 
of M -> H°(SN). We know that M is not injective, so, S~ l M = t~ 1 M is still a module. 

Moreover, we have 

D Ext 1 (A r , M) = Homjf (r _1 M, AT) = Honrifr(M, rAT) = Jfe. 
We obtain the commutative diagrams 



M — ^SN 



f 



in 



■■- 



N' M' 

The module M' has no injective direct summand, because M is indecomposable and 
non injective. So, S~ l M' is still a module. Consider 




We have o f o S %m = e' o S %m = 0. As is injective, this gives / o S 1 M = 0, 
which implies (i). □ 

Propositions 01 and 0] imply the first part of proposition [21 The second part is a well- 
known fact, cf. lemma 3.8 of [Zj. 

3.4. We want to prove the multiplication formula for the second. It reads as follows: 
J2 Xc(Gr e M)x T ^-^ M+e Xc(Gr f N)x T ^^ N ^ = 



J2 Xc(Gr g i ? O jB+)x r( s )-di I nS + + s + x dmi B _ X c{Gr g H°B_)x T ^-^ H ° B - +9 . 
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By combining proposition[2]with proposition 3.6 of '7\, we can compare Euler characteristics 
on both sides of the equality. What we need to prove now is 

(3.6) r(e) -dimM + e + r(/) - dim N + f = r(g) - dimS+ + g, 

with e = dimM', / = dim N\ g = dim B' + , in the setting of proposition El (i), and then 

(3.7) r(e) - dimM + e + r(/) - dimTV + / = dim/ B _ + r(g) - dimH°B- + g, 

with e = dim M', f = dim N', g = dim B'_, in the setting of proposition 0] (ii). 
The formula 13.61 is clear since g = e + / in this case. 

In order to prove the second formula, we need to complete the diagram of proposition 0] 
by adding kernels and cokernels 



N/N 



{H°B-)/B'_ 



M/M' 



C 







N- 



H°(i) 



H°B- 



H°(p) 



M 



H°(SN) 



>■ K ^ N' >■ B'_ ^ M' 

With the notation above, the diagram implies the equalities 

r (e) +r{f) = r{g) +r(dim J R"), (dimM - e) + (dimiV - /) = (dim#°£_ - g) + dim C. 
So, in order to prove formula 13.71 we remains to show that 
(3.8) r dim K — dim C = dim Jr . 

For this, we first note that we have the three triangles 

N -^-^H°B- ^ cok(H°i) SK SN 

SPb^ H°B_ — Ib. 

N ->Y -> M -> SN 

in Cq. Note that H i is the composition of the morphism N — > 5_ with the projection 
i3_ — > H°B-. If we form the octahedron associated with this composition, the three 
triangles we have just mentioned appear among its faces, as well as a new triangle, namely 

SP B ^ ^ M *- cok(H°i) SK i*B_ • 

If we apply H* to this triangle, we obtain the exact sequence of -ff-modules 

>■ M >■ cok(H°i) H°(tK) ^ I B - *- H°(tM) . 

Since M is an indecomposable module, rM is either an indecomposable non injective 
module or zero. The image of Ib_ — > tM = H°tM is injective (as a quotient of an 
injective module). Hence it is zero and we get an exact sequence 

*■ M cok(H°i) H°(tK) ^ I B - *■ . 

In the Grothendieck group, this yields 

= dimM- dim cok(H°i) - dim H°(tK) + dim I B = dim C - dim H° (tK) + dim I B . 
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Now, by the third triangle, K is a quotient of H°(S~ 1 M) = i7°(r _1 M). As M is a non 
injective indecomposable module, H°(t~ 1 M) = r _1 M, so tK is a quotient of M, and 
hence, tK is a module. Thus, we get formula 13.81 as desired. This ends the proof of 
theorem |2J 



4. A DENOMINATOR THEOREM. 

4.1. Weakly positive Laurent polynomials. We recall an idea from [I]: Define an 
integer polynomial P in ti variables xi, . . . , x n to be weakly positive if we have P(z) > 
for each point z of N™ which has at most one vanishing component. If P is an integer 
polynomial and d an n-tuple of integers, then L = P/x d is a Laurent polynomial, where 
x d is the product of the x d ' . It is a weakly positive Laurent polynomial if we can choose 
P weakly positive. Clearly, in this case, no factor Xi divides P so that the factorization 
L = (l/x d ) • P is unique. We call x d the denominator of L. For example, the Laurent 
polynomial L = x\ is weakly positive with denominator l/x\. The proof of the following 
lemma is elementary and left to the reader. 

Lemma 2. a) If L\ and L<i are weakly positive Laurent polynomials, so is their sum 
L\ + L2. Moreover, if x d and x e are the denominators of L\ and L2, the denomi- 
nator of Li + L2 is x sup ( rf ' e ), where by definition sup(<i, e)j = sup(ej,<ij), 1 < i < n. 
b) Suppose that L\ and L2 are Laurent polynomials and L\ is weakly positive. Then 
L2 is weakly positive iff L1L2 is weakly positive. Moreover, if x d and x e are the 
denominators of L\ and L2, the denominator of L1L2 is x d+e . 

4.2. Denominators and dimension vectors. From the multiplication formula, we ob- 
tain the following denominator property for exceptional modules. A direct proof for arbi- 
trary modules has recently been obtained in |17j . 

Theorem 3. Let M be an indecomposable exceptional H-module with dimension vector 
dim M = {rrii). Then the denominator of Xm cls an irreducible fraction of integral polyno- 
mials in the variables Xi is Y\ i x™ 1 . 

Proof. Let us start with some preliminary remarks: By the explicit formula for Xm-, its 
denominator as an irreducible fraction of integral polynomials is a monomial 

x den(M) _ J-j- :c den(Af) l ^ 

i 

where den(M) € Z n . We claim that for each exceptional indecomposable M, the Laurent 
polynomial Xm is weakly positive. Indeed, if (T, T") is an exchange pair of exceptional 
objects (c/. jH]) and 

T -> B -> T' -» ST and T' -> B 1 -> T -> ST 1 
are non split triangles, then we have 

Xb + Xb> 
x T > = 

Ay 

by the multiplication formula. Thus, by the lemma above, if Xb, Xb' and Xt are weakly 
positive, so is Xj>' ■ The claim therefore follows from the facts that each exceptional object is 
a direct summand of a cluster tilting object and that the cluster tilting graph is connected, 
cf. [S]. The lemma also shows that for an exchange pair (T,T'), we have 

den(T) + den(T') = sup(den(5), den(S')). 
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Now for an object X of Cq, we define 

8{X) = dimH (X) - ^ , 

where m; is the multiplicity of 5Pj in the decomposition of X into indecomposables and 
ej the ith vector of the canonical basis of Z n . With this notation, we have to prove that 

8(M) = den(M) 

for each indecomposable exceptional M. If P is indecomposable projective, this equality is 
trivial for M = SP and is shown for M = P by computing Xp explicitly as in [Tj lemma 
3.9]. To prove that the equality holds for every indecomposable exceptional, it suffices 
therefore, by induction, to prove that we have 

8(T)+8(T')=sup(8(B),8(B f )). 

if (T, T") is an exchange pair and B, B' are the non split extensions of T' by T and T 
by T". This will be proved by distinguishing two cases according to whether T and T' 
are modules or one of them is a shifted projective (note that they cannot both be shifted 
projectives since ExtJ Q (T,T f ) ^ 0). 

Case 1: T and T' are modules. Since we have 

k = Ext^C?!, TO = Ex4q (Tx,T{) (B D Ext £q (T[ ,T{), 

exactly one of the triangles 

T -» B -> T' -> ST and T' -> B' -» T -> ST' 

comes from an exact sequence of modules. Let us assume it is the first one. Then, by 
applying the functor H°, we get exact sequences 

-> T -> B -» T' -» and T' -» J5T°(B') -» T. 

These show that we have 

dim B = dim T + dim T' and dim H°(B') < dimT + dim T' < dim -B. 

It follows that 5(5') < dim£ = 5(5) and 

<5(T') + 8(T) = 8(B) = sup(8(B), S(B')). 

Case 2: We have T = SP for an indecomposable projective P and T' is a module. Again, 
we have non split triangles 

T -> B -» T' -> ST and T -> B' -> T -» ST. 

We have 

k = Extl Q (T,T') = Hom CQ (5P,5T') = Hom fc Q(P,r') 

and 

k = Exti Q (r',T) = Hom CQ (T',S 2 P) = Hom fcQ (r', i/P) , 

where v is the Nakayama functor. Since mod kQ is hereditary, if / : L — > M is a morphism 
of mod A;Q, then in the derived category, we have a triangle 

L — U M cok(/) © S ker(/) SL. 

It follows that the triangles above are in fact isomorphic to the triangles 

S~ l vP -» S- 1 cok(/) ker(/) -> T' ^ vP and T' -» 5 ker( 5 ) © cok( 5 ) -» -> 5T' 

associated with arbitrary non zero morphisms / : T' — > i/P and g : P — > T". Now cok(/) 
is injective as a quotient of an injective and ker(g) projective as a quotient of a projective. 
Moreover, if % is the vertex of Q such that P = Pj, then, as a submodule of Pi, the module 
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ker(/) is a direct sum of indecomposables Pj such that j < i. Similarly, as a quotient of 
vPi, the module cok(g) is a direct sum of indecomposables uPj such that i < j (note that 
we consider right modules and order the vertices of Q in the natural way). It follows that 
we have 

sup(5(5- 1 cok(/)),^ker(< 7 ))) = 
(note that both vectors have negative components). Thus, we have 

snp{5(B),5(B')) = sup(dim ker(/) + J(^ 1 cok(/)), dim cok{g) + 5(S ker{g))) 
= sup(dim ker( f), dim cok(g)). 
It remains to be proved that 

(4.1) dimT' + 5(T) = sup(dim kerf f), dim cok( 5 )). 

We check this equality by comparing both sides at each vertex j of Q. As above, let i be 
the vertex of Q such that P = Pi so that we have 5(T) = — e%. We have 

Ho m (P i ,T , ) = Ext 1 CQ (SP i ,T , ) = k 

so that (dimT')j = 1. The maps / : T' — > vP and g : P —* T' induce isomorphisms 
in Hom(P,,?) since g o f induces an isomorphism between the one-dimensional spaces 
Hom(Pj,P) to Hom(Pj, vP). It follows that ( dim ker(/)), and ( dim cok(/))j both vanish 
so that the equality (|4.1JI holds at j = i. Now consider the exact sequences 

ker(/) >- T' —?->■ vP and P — 9 -+ T' >- cok(g) ^ 0. 

Suppose that j is not a predecessor of i. Then ( dim P)j = and we have ( dim T')j = 
( dim cok(g))j by the second sequence and ( dim T')j > ( dim ker(/))j by the first so that 

( dim T )j = ( dim cok(g))j = sup (( dim cok(g))j, ( dim (ker(q)))j) 

and (|4.1|) holds at j. Similarly, if j is not a successor of i, we see that the equality (|4.1|) 
holds at j. Since Q has no oriented cycles, each vertex j ^ i of Q is a non-successor or a 
non-predecessor of i. Thus, the proof of (|4.1|) is complete. □ 

4.3. As a corollary of the denominator theorem, we will prove an injectivity property of 
the map M i— ► Xm- 

We recall first a few facts on quiver representations. 

A representation of Q over a field F is a Qo-g r aded F- vector space V = ®i^Q Vi to- 
gether with an element x = {x h ) h< z Ql in E v := ~[\ heQl Hom(V s ( ft ), V t ^), where s(h) is 
the source and t(h) the target of the arrow h. The group Gy := IliGQo GL(V^) acts on 
Ey by (gi).(xh) = (gt(h) x h9jff l )) ■ A representation (M,x) over a field F can be functorialy 
considered as an PQ-module and the dimension vector of this module is dim M = (dim Mj ) . 

Clearly, the isoclasses of finite-dimensional PQ-modules are naturally identified with 
GV-orbits of representations of Q. 

Corollary 1. If M and M' are non isomorphic indecomposable modules without self- 
extensions, then Xm ^ Xm 1 ■ 

Proof. It is well known that in the identification above, an isoclass of /cQ-module with no 
self-extension corresponds to an orbit which is dense in its representation space Ey. There- 
fore, if M and M' are non isomorphic modules without self-extensions, the corresponding 
orbits cannot be in the same representation space. Hence, M and M' cannot have the 
same dimension vector. 

By the theorem above, we conclude that Xm Xm' ■ 

□ 
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5. Application to a class of cluster algebras 

5.1. We recall some terminology on cluster algebras. The reader can find more precise 
and complete information in |12| . 

Let n be a positive integer. We fix the ambient field T = Q(x\, . . . , x n ), where the Xj's 
are indeterminates. Let x be a free generating set of T over Q and let B = (bij) be an 
n x n antisymmetric matrix with coefficients in Z. Such a pair (x, B) is called a seed. 

Let (u, B) be a seed and let Uj, 1 < j < n, be in u. We define a new seed as follows. 
Let u'j be the element of T defined by the exchange relation: 

(5.1) Uj u'j= II «*«+ II " 

fe ij >0 by<0 

Set u' = uU {u'j}\{uj}. Let B' be the n x n matrix given by 

b' = J~ bik \{i = j ox k = j 

lk [bik + \( b jk + \b jk \ ) otherwise. 

By a result of Fomin and Zelevinsky, (u', B') = fJ>j(u, B) is a seed. It is called the mutation 
of the seed (u, B) in the direction Uj (or j). We consider all the seeds obtained by iterated 
mutations. The free generating sets occurring in the seeds are called clusters, and the 
variables they contain are called cluster variables. By definition, the cluster algebra A(x, B) 
associated to the seed (x, B) is the Z-subalgebra of T generated by the set of cluster 
variables. The graph whose vertices are the seeds and whose edges are the mutations 
between two seeds is called the mutation graph of the cluster algebra. 

The Laurent phenomenon, see |llj . asserts that the cluster variables are Laurent polyno- 
mials with integer coefficients in the Xi, 1 < i < n. So, we have A(x, B) C Zfa;^ 1 , . . . , x^ 1 ]- 

Note that an antisymmetric matrix B defines a quiver Q = Qb with vertices corre- 
sponding to its rows (or columns) and which has bij arrows from the vertex i to the vertex 
j whenever bij > 0. The quivers Q thus obtained are precisely the finite quivers without 
oriented cycles of length 1 or 2. For such quivers Q, we denote by Bq the corresponding 
antisymmetric matrix. The cluster algebra associated to the seed (x, B) will be also de- 
noted by A(Q). In the sequel, we will be concerned with cluster algebras associated to a 
quiver Q without oriented cycles. 

5.2. We fix a quiver Q without oriented cycles and we set H = kQ. We consider the 
cluster category C = Ch associated to the quiver Q, cf. An object T of C is called 
exceptional if it has no self-extensions, i.e. if Ext 1 (T,T) = 0. An exceptional object is 
called cluster-tilting or simply tilting (although this is an abuse of language) if it has n 
non isomorphic indecomposable direct summands, where n is the number of vertices of Q. 
In the sequel, we will often identify a tilting object with the datum of its indecomposable 
summands. An exceptional object is called almost tilting if it has n — 1 non isomorphic 
indecomposable direct summands. It was shown in [S] that any almost tilting object T can 
be completed to precisely two non isomorphic tilting objects T and T*. 

For any tilting object T of C, let Qt be the quiver associated to the algebra Endc(T). To 
be explicit, fix an ordering of the indecomposable summands T\, . . . ,T n of T and let A be 
the endomorphism algebra of the sum of the Tj. Let e% € A the idempotent corresponding 
to Tj. Then the vertices of Qt are 1, . . . , n, and the number of arrows from i to j is equal 
to dimej((rad A)/(rad A) 2 )ei. A pair (T,Qt) is called a cluster seed. 

For 1 < i < n, we define, following |JJ, the mutation of the cluster seed (T,Qt) in 
direction i by 

5i(T,Q T ) := (T*,Q T *), 
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where T and T* are the two completions of the almost tilting object 

t = Ti e . . . e Ti_i e T i+1 © . . . e r n . 

Note that there exists an indecomposable object T* , unique up to isomorphism, such that 

t* = Tt © . . . © T;_i e t* © x L+l ® . . . © r n , 

which provides a natural ordering of the indecomposable summands of T*. 

The following theorem is the main result of this article. The first assertion is a refinement 
of Conjecture 9.1 of [£] and the second assertion strengthens the main result of [3J. 

Theorem 4. Let Q be a quiver with n vertices and no oriented cycles, and let H = kQ be 
the hereditary algebra associated to Q. Then 

(i) The correspondence M i— > Xm provides a bisection between the set of indecompos- 
able objects without self-extensions of Ch and the set of cluster variables of A(Q). 

(ii) The correspondence {Ti, . . . ,T n } i— > {Xt x , ■ ■ ■ ,Xx n } provides a bijection compatible 
with mutations between the set of tilting objects of Ch and the set of clusters of 
A(Q). 

Proof. By construction, any cluster variable belongs to a cluster. As the map M \— > Xm is 
injective on the set of indecomposable objects without self-extensions by corollary^ it is 
enough to prove (ii). 

Let us prove (ii). Suppose that T = T\ © . . . @T n is a tilting object of C and let T* be its 
mutation in direction i. Then Ext 1 (Tj,T*) is one-dimensional by 6 . Hence, by theorem[21 
we have 

(5.2) X Ti X T *=]\X% +Y[X%, 

3 3 

where ay and Cy are integers defined by the following non split triangles (unique up to 
isomorphism) 

Ti > (BaijTj > Tj > STi 

By a theorem 6.2 b) of [H, the quiver Qt is determined by these triangles: for any i and 
j, there are ay arrows from i to j and cy arrows from j to i. Moreover, if there exists an 
arrow from i to j , then there is no arrow from j to i, by proposition 3.2 of [3]. 

We now define, as in [3], a correspondence (3 between tilting seeds and cluster seeds. 
First note that the shift of H, is a tilting object and that (SH, Q) is a tilting seed. For a 
given word i\ . . . it, we can define 

(5.3) P(SH,Q) = (x,B Q ), 

(5.4) (3(5 k ...^ (SH, Q)) = m t . . . Wl (x, B Q ). 

Set (T,Qt) ■= d~i t . . . 5i x (SH, Q)). By [3], the quiver obtained from Q by the sequence of 
tilting mutations in the directions i\, . . . ,i t is equal to the quiver obtained from Q by the 
sequence of cluster mutations in the directions i\,...,it- Hence, by comparing the cluster 
exchange relation 15.11 and the tilting exchange relation 15. 2\ we obtain by induction that 

(3(8 H ...5 h (SH, Q)) = ({X Tl ,...,X t J,B Qt ). 

In particular, (3(5i t . . .5^ (SH, Q)) does not depend on the choice of the word i\ . . . it- 

By proposition 3.5 of [0], the mutation graph on the set of tilting seeds is connected. 
Hence, equalities 15.31 and 15.41 define a map j3 from the complete set of tilting seeds to the 
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set of cluster seeds. The surjectivity of j3 follows from the fact that its image is stable 
under mutation. The injectivity of (3 follows from corollary^ □ 

5.3. This section is devoted to the proof of some of the conjectures formulated by S. Fomin 
and A. Zelevinsky in |13| . The first corollary is a straightforward consequence of theorem^ 
It corresponds to |13[ Conjecture 4.14 (2)] in the acyclic case. 

Corollary 2. Let Q be an finite quiver without oriented cycles. Then a cluster seed (u, B) 
of A(Q) only depends on u. 

This corollary is |13l Conjecture 4.14 (3)] in the acyclic case. 

Corollary 3. For any cluster variable x, the set of seeds whose clusters contain x form a 
connected subgraph of the exchange graph. 

Proof. Indeed, the cluster variable x corresponds to an exceptional indecomposable object 
T\ of Cq. Without restriction of generality, we assume that T\ is non projective. The 
seeds containing x are in bijection with the completions ofT%, i.e. the sets {T 2 , . . . ,T n } of 
indecomposables such that the sum of the Tj is cluster tilting. Two seeds are joined by an 
edge of the exchange graph iff the corresponding sets of exceptional indecomposables are 
obtained from one each other by a mutation. By [Bj, this occurs iff they differ by precisely 
two indecomposables T{ and T* and these satisfy 

dim Ext 1 (Ti,T*) = 1. 

This makes it clear that theorem below yields a bijection compatible with mutations 

{T 2 ,...,T n }^{PT 2 ,...,PT n } 

between the completions of T\ and the basic tilting sets of Cqi, where Q' is the quiver of 
the endomorphism ring of a projective generator of the category Ti' C mod kQ of modules 
L with 

Horn (M, L) = = Ext 1 (M, L) . 
Thus, by theorem (ii), the subgraph of the exchange graph of Q formed by the seeds 
containing x is isomorphic to the exchange graph of Q', which is connected by definition. 

□ 

A consequence of theorem 0] is also the proof of |13[ Conjecture 4.14 (4)] in the general 
case. 

Corollary 4. The set of seeds whose matrix is acyclic form a connected subgraph (possibly 
empty) of the exchange graph. 

Proof. A seed with an acyclic matrix corresponds to a cluster tilting object T whose endo- 
morphism algebra A = Endc Q (T) has a quiver without oriented cycles. Thus, the algebra A 
is both, cluster-tilted and of finite global dimension. By corollary 2.1 of 19 , it is hereditary. 
So the category Ca is well-defined and the equivalence between the derived categories of A 
and Q induces a triangle equivalence Ca —> Cq which takes A to T. Such an equivalence 
induces an isomorphism 

of the Auslander-Reiten quivers of the two cluster categories. We refer to [H] for the 
description of the Auslander-Reiten quivers. Since A is hereditary, the quiver of its inde- 
composable projectives forms a slice of the component T p A r of Ta containing the projectives 
(recall that a slice is a full connected subquiver whose vertices are a system of representa- 
tives of the r-orbits in the component). The isomorphism must take to T p ^ since this 
is the only components isomorphic to the repetition 7LR of a finite quiver R. It is clear 
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that any slice of T P g can be transformed to the slice of the projectives by finitely many 
reflections at sources or sinks. □ 

5.4. Cluster tilting objects containing a given summand. Here, we refine a tech- 
nique pioneered in section 2 of [3]: Let H be a finite-dimensional hereditary algebra and 
Ti the category of finite-dimensional right if-modules. Let M S Ti be a non projective 
indecomposable with Ext 1 (M,M) = 0. Then End(M) is a (possibly non commutative) 
field. Let Ti' be the full subcategory on the modules L such that 

Hom(M, L) = and Ext 1 (M, L) = 0. 

We know from jlHj and ^H] that Ti' is a hereditary abelian category with enough projectives 
and that a projective generator G of Ti' is obtained by choosing an exact sequence 

0^H^G^M r ^0 

which induces an isomorphism 

Hom(M, M r ) ^ Ext 1 (M, H). 

Let Cft and C-j-c be the cluster categories associated with Ti and Ti'. The following theorem 
is an elaboration on theorem 2.13 of [3]. 

Theorem 5. Let C(Ti, M) be the full additive subcategory ofC-n whose objects are the sums 
of indecompo sables L of C-yi such that Ext 1 (M,L) = 0. There is a canonical equivalence of 
k -linear categories 

P: C(H,M)/(M)^+C n > , 

where (M) denotes the ideal of morphisms factoring through a sum of copies of M . More- 
over, we have 

Ext 1 (£1,^2) = Ext 1 (PLuPLz) 

for all L 1 ,L 2 eC(H,M). 

Note that C(Ti, M) is not a triangulated subcategory and not even stable under the shift 
functor. The theorem merely claims that as a /c-linear category, is a 'subquotient' of 
Cn- To construct the equivalence P, we choose a 'fundamental domain' for the action of 
the autoequivalence F = r _1 5 on V. 

Let V be the full subcategory of the projectives of Ti and Ti + the full additive subcategory 
of T> = T> b (Ti) each of whose indecomposables lies in Ti or SV. Let tt : T> — > C-h be the 
projection functor. We know from jS] that tt induces a bijection from the set of isoclasses 
of indecomposables of Ti + to that of and that we have 

Ext 1 (7r(Li),7r(L 2 )) ^> Ext 1 (Li, L 2 ) © D Ext 1 (L 2 , Li) 

for any two indecomposables of Ti + . Moreover, the category C-n is equivalent to the category 
whose objects are those of Ti + and whose morphisms are given by 

Hom(Li,L 2 ) © Hom(Li,FL 2 ) 

with the natural composition. Therefore, theorem [5] follows from 

Theorem 6. There is a canonical bijection L ^ L' from the set of isoclasses of indecom- 
posables L ofTi + with 

L¥ M , Ext x (L, M) = and Ext x (M, L) = (*) 

to the set of isoclasses of indecomposables ofTi' + . Moreover, for any two objects L\,L<i of 
Ti + satisfying (*), there is a canonical isomorphism 

Ext 1 (Li,L 2 ) ^> Ext 1 (L' 1 ,L / 2 ) 
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and there are canonical isomorphisms 

Hom(Li,L 2 )/(M) A Hom(L / 1 ,L' 2 ) and Hom(Li, FL 2 )/(M) A Hon\(L' 1 ,F , L 2 ) 
compatible with compositions. 

Before giving the proof, let us illustrate the statement on the following example: We 
consider the path algebra H = kQ of a linearly oriented quiver Q of type Aq. Below, we 
have drawn the Auslander-Reiten quiver of its derived category. The vertices corresponding 
to indecomposables concentrated in degree lie between the two hatched lines. We use 
the symbols 

□ for the 14 indecomposables L of TL + not isomorphic to M and which satisfy 

Ext 1 (L,M) = = Ext 1 (M,L) , 

• for the 5 indecomposable projectives of TC', 
. for indecomposable non projective objects of TC', 
v) for shifted copies SP of projectives of TC'. 

Notice the two rectangular zones starting from S _1 M respectively ending in SM where no 
□ occurs. If L t— ► L' denotes the map of the theorem, we have a triangle 

Lu —* L — > L — > SLu 

where Lu is a sum of copies of M and Lu — > L induces a bijection Hom(M, Lu) A 
Hom(M, L). Thus we have L = V for all L with Hom(M, L) = 0. The corresponding 
triangles for the others are visible in the diagram below. 



s~ 1 m : N / : : □ □ \ : s : N sm 





x ® * X 







x X \ / X 






□ X □ 


X o 
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* \ x \/ 






- ^ \X X 


<r\ 


. 


* ^ /\/ 


\ o 






^ X 




□ □ 





E 

Several of the arguments needed in the proof are contained in section 2 of 4 . For the 
convenience of the reader, we nevertheless include them below. 

Proof. Let hi C T> be the full triangulated subcategory generated by M. Since Ext x (M, M) 
vanishes and Hom(M, M) is a field, its objects are the sums of shifted copies of M. Let V 
be the full subcategory of T> whose objects are the L 6 T> such that Hom(C7, L) = for all 
U £ U. Then U, V form a semiorthogonal decomposition 1 of T>, i.e. for each object X of 
T>, there is a triangle 

X^ — » X — > X v — > SX^ 

with X^ £ and X v € V. This triangle is unique up to unique isomorphism; the functor 
X — » X^ is right adjoint to the inclusion of U and the functor X h-> X v is left adjoint to 
the inclusion of V. We have TC' = TC PI V and the inclusion 7Y' C V extends canonically 
to an equivalence T> b (TC') — > V. In particular, each object of V is a direct sum of shifts of 
objects of W. We have n TC = M., the full subcategory on the direct sums of copies of 
M . The inclusion TC' C TC commutes with kernels, cokernels and preserves Ext 1 -groups. 
We will show that L i— > V = L v yields the bijection announced in the assertion. 
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Let L be indecomposable in TL + such that (*) holds. Let us first show that Horn (S* M, L) 
vanishes if i / 0. Indeed, if L belongs to H, then this group clearly vanishes if i ^ 0,-1 
and if i = —1, it vanishes because Ext 1 (M, L) =0. If L = SP for a projective P G Ti, 
then Horn (S*M, L) = Horn (S*M, SP) clearly vanishes for i ^ 0, 1 and it vanishes for i = 1 
because M is a non projective indecomposable. 

Now let us show that L v is indecomposable: Consider the canonical triangle 

Lu — *• £ — *• L v — > SL^. 

Since Hom(S l M, L) vanishes for i ^ 0, we have G .M. Therefore, in the associated 
exact sequence 

Hom(L, L) -» Hom(L,L v ) -> Hom(L,SL w ) 

the third term vanishes. Thus the composition 

Hom(L, L) -» Hom(L,L v ) A Hom(L v ,L v ) 

is surjective and End(L v ) is local as a quotient of the local ring End (7). 

Let us show that L' belongs to TL' + . Since Lu belongs to M, the canonical mor- 
phism / : Lu — > L is a morphism of Ti and therefore its cone L v in T> is isomorphic 
to cok(/) © Sker(/). Since L v is indecomposable, one of the two summands vanishes. If 
ker(/) vanishes, then L v belongs to Ti! C Ti' + . If cok(/) vanishes, we have to show that 
ker(/) is projective in Ti' . Now indeed the short exact sequence 

-> ker(/) -> L w -> L -> 

induces a surjection 

Ext^(L w , 17) -> Ext^(ker(/), 17) -> 

for each U E Ti. The left hand term vanishes since Lu is a sum of copies of M and the 
right hand term is isomorphic to Ext^/(ker(/), U) because the inclusion Ti' C Ti preserves 
extension groups. Thus, ker(/) is projective in Ti' . 

From what we have shown, we conclude that the map L — > L' is well-defined. Let us 
show that it is injective. For this, we show that the morphism L v — > SLu occurring in 
the canonical triangle is a minimal left S.M-approximation. Then L is determined up to 
isomorphism as the shifted cone over this morphism. To show that L v — > SLu is a minimal 
left approximation, consider the canonical triangle 

Lu — > L — > L v — > SL^ 

and the induced sequence 

Hom(L, SM) «- Hom(L v , SM) <- Hom(S7 w , SM). 

Since Hom(L,SM) vanishes by assumption, we do get a surjection Hom(L v ,SM) <— 
Horn (SLu, SM). If it is not minimal, then there is a retraction r : SLu — > SM whose 
composition with L v — > SL^ vanishes. Then r extends to a retraction f : SL — > SM. This 
is impossible since L is indecomposable and not isomorphic to M. 

Let us show now that L i— ► L' is surjective. Let iV be indecomposable in 7Y' + . Let 
iV — ► SM' be a minimal SVW-approximation and form the triangle 

M' -> L ^ iV -» SM'. 

Let us show that L is indecomposable. Since M' G we have 7 V ^> iV v and since N G V, 
we have ^> M'. If L is decomposable, say 7 = L\ © L2, then we get 

l\®l\^n 

and, say, L\ vanishes. Then L\ belongs to U and thus M' ^> L\ © [L?)u- Since iV — > SM' 
is a minimal S.M-approximation, we have Li = 0. So L is indecomposable. 
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Let us show that L belongs to 7i + . It is clear from the above triangle that L has homology 
at most in degrees and 1. Since L is indecomposable, its homology is concentrated in one 
degree. If the homology is concentrated in degree 0, then L belongs to TC C TL + . Suppose 
that L has its homology concentrated in degree 1. Then we must have N = SQ for some 
indecomposable projective Q of H'- We know that if Ph is a projective generator for Tl, 
then is is a projective generator for H' . Thus, there is a projective P of H and a 
section s : Q —> P u which identifies Q with a direct factor of P w . Since N — > SM' is an 
SAl-approximation, the composition 

N — SP U SP M 

extends to SM' so that we obtain a morphism of triangles 

M ' >■ L >- N »- SM' 

Ss 

SPu SP SP U SP M - 

The morphism L — > SP is non zero since its composition with SP — > SP W equals the 
composition of the non zero morphism L — > ./V with the section Ss. So we obtain a non 
zero morphism S~ l L —>■ P inTi. Since S^ 1 L is indecomposable and P is projective, S^ 1 L 
is projective and we have L £ Ti + . 

Finally, let us show that L satisfies the condition (*). If L was isomorphic to M, we 
would have N = L v = contrary to our hypothesis that N is indecomposable. 

The triangle 

M' -^L-> N -> SM' 

yields an exact sequence 

Hom(M',SM) «- Hom(L,SM) «- Horn (AT, SM) «- Hom(S'M / , SM). 

Here the leftmost term vanishes since Ext x (M, M) = and the rightmost map is surjective 
since N — > SM' is a left S.M-approximation. Thus we have Ext 1 (L, M) = 0. The triangle 
also yields the sequence 

Horn (S _1 M,M') -» Hom(S _1 M,L) -> Hom(S _1 M, A/"). 

The left hand term vanishes since Ext 1 (Li, M) = and the right hand term vanishes since 
TV belongs to V. Thus we have Ext 1 (M, L) = 0. 

Now let Li, L 2 be indecomposables of H + satisfying condition (*). Consider the triangle 

(L 2 )u — ¥ L 2 — > L 2 — > S(L 2 ) U . 

It induces an exact sequence 

Hom(S ,_1 Li, (L 2 )w) -> Hom^Li, L 2 ) -> Hom(S _1 Li, L 2 ) -> HomCS" 1 ^, S(L 2 ) W ). 

The leftmost term vanishes since Ext 1 (Li,M) = and the rightmost term vanishes since 
Ext 2 (Li,M) = 0. Thus we have 

Hom(Li,5L 2 ) ^ Hom(Li, SL^) ^ Horn (L^, SL^) , 

which proves the assertion on the extension groups. The above triangle also induces an 
exact sequence 

Hom(Li, (L 2 )u) -» Hom(Li, L 2 ) -> Hom(Li, 1%) -» \\om{L u S(L 2 ) u ). 
The last term vanishes since Ext 1 (M,M) = 0. Thus the kernel of the map 
Hom(Li,L 2 ) -» Hom(Li,L^) A Hom^L^) 
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is formed by the morphisms factoring through sums of M. Put F = t S. Consider the 
triangle 

(FL 2 ) U - FL 2 -» {FL 2 ) V -» S(FL 2 ) W . 

Note that the functor i 7 does not take V to itself. We have 

Horn {S l M, FL 2 ) ^ D Hom(L 2 , S*V 2 M). 

This can be non zero only if i equals or 1. Thus (FL 2 )u is a sum °f copies of M and 
SM. Therefore, in the exact sequence 

Hom(Li, (FL 2 )u) Hom^FLa) -» Hom(Li, (FL 2 ) V ) Hom(Li,5(FL 2 ) M ) 

the last term vanishes and 

Hom(Li, (FL 2 ) V ) ^ Hom^, (FL 2 ) V ) 

identifies with the quotient of Hom(Li,FL 2 ) by the subspace of morphisms factoring 
through a sum of copies of M and SM. Since Hom(Li, SM) vanishes, this is also the 
subspace of morphisms factoring through a sum of copies of M. To finish the proof, it re- 
mains to be noticed that under the canonical equivalence V b (7i') ^ V, if L 2 corresponds to 
L' 2 , then the object (FL 2 ) V does correspond to tZ}SL' 2 , by lemma 2.14 of [3] or section 8.1 

of [IB!. 

□ 



6. Example on the Kronecker quiver 

6.1. We consider the Kronecker quiver Q obtained by choosing the following orientation 
of the diagram A^: 



(6.1) 



2 . 



As an illustration of theorems El and we give an interpretation of some results of |2()| in 
terms of the cluster category of the Kronecker quiver. We consider covariant representa- 
tions. So if Si, S 2 are the simple representations, then 

dimHom^Si) = 1, dim Ext 1 (S u S 2 ) = 2, dim Ext 1 (5 2 , Si) = 0. 

Over a field k, the (finite-dimensional) indecomposable representations of the Kronecker 
quiver are classified as follows: 

The postprojective indecomposable modules U n , n > 0, the preinjective indecomposable 
modules V n , n > 0, and the family of indecomposables modules W n = W n (x), n > 0, of 
the (regular) tube parametrized by x € P 1 (fe). They are given by 



U' 



k' : 



£.n+i with a 



In 





p 





In 



V n , k n+l ^ k n with a = [ I n ],/?=[ /„ ] 
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W n ({l : A)) : ¥ 



k n with a = I n , /3 




for A in k, and 



W n ((0 : 1)) : k n 



k n with a 



V 




Let us calculate the cluster variables of the cluster algebra A(Q) C 'L[x l 



In, 



±1 ™±1 



.1. ■-) 



corre- 



sponding to the Kronecker quiver. By theorem @J they are given by Xjj n , Xyn, n > 0. By 
duality, Xyn is obtained from Xyn by exchanging x\ and X2- So, we just have to calculate 

Let (y n )neN be the sequence given by yo = ^21 Hi = £1, and y n +2 = n. > 0. Set 

Pi = U , P2 = U°, for the indecomposable projective modules, then SP2 ® SP±, is the 
"seed" tilting object and SP\ © U° is also a tilting object of the cluster category since the 
first component of dim (U°) is zero. Moreover, for any n > 0, U n © f/ n+ is easily seen 
to be a tilting /cQ-module by applying recursively the inverse AR-functor to the tilting 
module P2 ffi-Pi and the object SPi®U° . By applying theorem 01 we obtain that the y n 's 
are cluster variables and that 

^2({y2n,y2n+l}) = {?/2n+2, 2/2n+l}, ^1 ({2/2n-l , U2n}) = {V2n+1, V2n} ■ 

In particular, the exchange relations imply that the sequence (2/ n ) n eN is given by 
(6.2) y = x 2 , yi = xi, y n -iVn+i = yl + 1- 

Note that in the module category Ext 1 (W 1 , Pi) = k, for i = 1,2, which implies 

Ext 1 CQ (W\P i ) = k, 

because the P(s are projective. Applying the (AR)-autoequivalence r in the cluster cat- 
egory, we obtain Ext^. Q (W 1 , U n ) = k, n > 0. In the module category, we have (up to 
isomorphism) a unique non split exact sequence 

-» U n -» C/ n+1 -> -» 0. 

This yields a triangle in the cluster category 

[/n _^ _^ W 1 ^ SU n . 

But, as <SC/ n = rU n = U n ~ 2 in the cluster category, shifting the triangle gives 



W ^ ^ Jjn-l ^ Jjn ^ 5 ^1_ 



Now, let w\ := Iwi 



X\X2 



then theorem [21 implies 
w\y n = 2/n+l + 2M-1- 
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Note that this formula simplifies the initial induction 16.21 It was obtained in a direct way 
in j^O]. We can calculate the generating series of (y n )neN 

1-V-lt 



E 



where y-\ := X v o — 



j-i 



l- Wl t + t 2 ' 

n>0 
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